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Abstract
In the northern region of Thailand, PM2.5 concentration has been the worst air pollution problem 
in the country for the past several years. This study applies the gappy proper orthogonal 
decomposition (gappy POD) method to estimate values missing from an incomplete dataset of 
PM2.5  concentration in this area. Although monitoring and collection of PM2.5 concentration data 
provide information about the air quality in the area, the collection process often misses some data, 
hence obscuring important information. After the POD method is used to extract dominant data 
information, the gappy POD, based on least squares optimization, is employed to approximate 
the missing data.  The number of POD bases plays an important role in the approximation; thus, 
investigating the eff ects of a number of POD bases used in the gappy POD method is needed.  
The accuracy of the gappy POD method is validated by comparing estimation errors to errors 
from the baseline interpolation method using inverse distance weighting (IDW). The study 
shows that the results of the gappy POD method are more accurate than the IDW estimations.
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1. Introduction
Air pollution, particularly airborne 

particulate matter (PM), has become 
a global environmental issue over the past 
several years. PM10 and PM2.5 are common 
fi ne particles that can cause serious health 
problems when inhaled. Over the past few 
years, Thailand has suff ered from high PM 
levels, especially in the northern region.  
The thick cloud of smog found in northern 
Thailand has typically been caused by forest 
fi res and agricultural burning (Khamkaew 
et al., 2016; Oanh et al., 2011). Levels of 
PM2.5 have become severe, causing numerous 
health problems such as difficulties in 
breathing, sore throats, and sinus problems. 
Moreover, it can contribute to respiratory 
and cardiovascular system health issues such 

as lung cancer and cardiopulmonary diseases 
(Brook et al., 2010; Pope et al., 2002). 
Currently, Chiang Mai University’s Climate 
Change Data  Center  (CMU-CCDC) 
(https://www.cmuccdc.org) is running 
a project to measure and collect PM2.5 

concentrations. The PM data are valuable 
because they are essential to the evaluation of 
air quality.  Equipment to monitor air pollution 
has been installed at many sites in the northern 
region. This system provides real-time air 
pollution measures as the monitors are close 
to the source of the problem. In addition, 
monitoring, collecting, and analyzing PM 
levels, especially when they reach harmful 
levels, provides critical information to 
those responsible for development of risk 
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assessments and public health policy.
However, data values are often missing 
from PM records due to either equipment 
malfunctions or bad connections to the 
database server. These problems lead to an 
incomplete dataset, which must be repaired 
before the data can be used. Therefore, the 
fulfillment method used to preserve some 
information should be used to construct 
a completed dataset. 

One effective methodology for rebuilding 
lost data entails using a set of low dimensional 
data; however, this is still based on dominant 
trends of the overall data. The gappy proper 
orthogonal decomposition (gappy POD) 
method is a technique recently developed 
to deal with damaged or missing data. 
It was developed from a POD approach used 
in several past research projects (Abbey 
et al., 1991; Astrid et al., 2008; Gunnink 
et al., 1996; Jolliffe et al., 2011; Kunisch et al., 
1999; Mees et al.,1987; Volkwein et al., 2007; 
Wu et al., 2003). It has been continuously 
refined and applied in different forms.  
For example, it is part of the principal 
component analysis (PCA) used in statistics 
(Cotta et al., 2020; Hotelling et al., 1933; 
Pearson et al., 1901) and is included in 
the empirical orthogonal functions (EOFs) 
method used in meteorology and geophysics 
(Dommenget et al., 2002; Gunnink et al., 
1996; Abbey et al., 1991; Volkwein et al., 
2007; Jolliffe et al., 2011). A key component 
of the gappy POD is the estimation of 
missing data based on non-missing data, and 
projections establish  a modified set of selected 
basis vectors. There has been a wide range of 
gappy POD applications. For instance, it was 
used in an aerodynamic flow field to calibrate 
and illustrate how air flows past a wing 
(Bui et al., 2004).  In chemical engineering, 
it was applied to the reconstruction of 
flame kinetics in a spark-ignition engine. 
In climatology, it was used to reconstruct 
a temperature field in Tibet (Tsering et al., 
2019).

The primary goal of this work is to 
successfully apply the gappy POD method to 
reconstruct PM2.5 concentration data missing 
from information provided by CMU-CCDC 
air pollution monitoring sites. To accomplish 
this, firstly a complete snapshot of the PM2.5 

data is constructed. Then this snapshot is 
used to construct the POD basis, capturing 
significant characteristics of the data. After 
that, the missing data is approximated from 
a linear combination of this set of bases. The 
coefficients of this representation are obtained 
using the least square method, and the gappy 
POD is applied to generate the missing data 
points. Finally, the missing data are fulfilled 
from the complete samples assisted by the 
suitable POD bases. To evaluate the efficiency 
of the method, the errors from the gappy POD 
method to the baseline and the inverse distance 
weighting (IDW) methods are compared.  IDW 
is commonly used in interpolation as it estimates 
values of unknown points by using weighted 
distances and some nearby known points. 

2. Methodology

2.1 Study location and data 

The study area in northern Thailand 
includes eight provinces: Chiang Rai, Chiang 
Mai, Lampang, Lamphun, Mae Hong Son, 
Nan, Phayao, and Phrae. According to the 
data provided by the CCDC project, there are 
174 air monitoring stations located across the 
region. PM levels in March are usually high, 
causing health problems. As a result, the 
data of March 2020 was used in this study. 
Unfortunately, during this time, 37 stations 
were inactive and therefore could not provide 
any data.  A stable active station is defined as 
one with at least 90% uptime data available; 
otherwise, it is considered a nonstable active 
station.  Based on this criterion, there were 57 
stable active stations and 80 nonstable active 
stations, as shown in Figure 1.

A dataset with the time stamp is called 
a snapshot.  A feature is data from one 
station that has been included in a snapshot. 
Therefore, there are 57 features for each 
snapshot, one from each of the stable active 
stations.  Complete snapshots are needed 
for employment of the gappy POD method.  
Unfortunately, missing data occurred 
randomly at different times and stations. 
Figure 2 shows the frequency of missing 
features in each snapshot. The average number 
of missing features is approximately two, with 
a maximum of 14 features.
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Figure 1.  Locations of air pollution monitoring stations 

Figure 2. Histogram of PM2.5 data from each snapshot

2.2 Numerical methods

2.2.1 Proper Orthogonal Decomposition 
(POD) 

POD is a well-known numerical 
method broadly applied in finite elements 
for dimensional reduction. Recently, it has 
gained popularity in data analysis (Sukuntee 
et al., 2018; Tsering-xiao et al., 2019).  
In general, the goal of using the POD is to 
form a set of bases that can capture significant 
characteristics from all data. As a result, 

the POD enables estimation of missing 
data  poin ts  by  us ing  se lec ted  POD 
bases and therefore reduces computation 
complexity. 

In the following section, fundamental 
concepts and some notations related to POD 
construction are provided. 

A matrix of complete snapshots is written 
by S = [s1,s2,…,sn] ∈ Rn×ns where column 
vectors, si = (si1,si2,…,sin )

⊤ ∈ Rn, i = 1,…, n , 
are complete data and sij , j = 1,…, n are data 
components. The data component  sij is called 
feature.
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An approximation of the incomplete 
snapshot s can be constructed by finding 
a coefficient vector a =(a1,…,ak )⊤ from 
following the least square problem:

which can be solved and implies that 
	        Then, missing data can be 
approximated by

The incomplete data of snapshot s then 
can be fulfilled by using approximated data sM.
Result accuracy can be investigated by 
randomly removing data from complete 
snapshots, as seen in the result section of 
missing data approximation.

2.2.3 Inverse Distance Weighting (IDW) 

The IDW is one of the practical 
mathematical methods for interpolation. 
The concentration (z) of air pollution at a 
non-monitoring point (x0) is calculated using 
a set of the neighboring monitored values 
zi = z(xi) sampled at locations denoted 
by xi. The relationship of interpolation is 
z(x0 ) =   		        , where               =1 and 
wi represents the weights assigned to each 
point of the neighboring values, and the total 
of all weights equals one. With this approach, 
the IDW chooses wi  depending on the inverse 
of the distance between the unsampled point 
x0 and all xj  considered window, such that

where (a,b) =         ,  the distance 
function, and p ≥ 1, the parameter used to 
control the contributions area around sampled 
points. One can choose p = 1. When observed 
values that are closer to the points of interest 
are more heavily weighted, a bigger search 
window can be used to preserve some of the 
variations of local pollutant levels. Data from 
all monitoring stations presented in the search 
window are included in IDW interpolation. 
In our case, the window was chosen to be the 

The POD basis is obtained by using a 
Singular Value Decomposition (SVD) of the 
matrix S; that is, the matrix S  can be written 
as S = UDV where U = [u1,…,ur ] ∈ Rn×r and 
V = [v1,…,vr ] ∈ Rns×r are orthogonal matrices 
and D = diag(λ1,…,λr ) ∈ Rr×r,  with singular 
values in decreasing order:   λ1 ≥ λ2 ≥ ... ≥λr ≥ 0.  

The POD basis is written in a matrix 
form of P = [u1,…,unp],  obtained from the 
set of column vectors of U where npis the 
chosen number of basis vectors np < r. With 
this representation, each snapshot si can be 
approximated by: 

Then, the minimum error of the 
approximation snapshots generated by using 
the POD basis is given by:

which is the summation of the square of 
neglected singular values 

2.2.2 Gappy POD

Gappy POD is an extension of the 
POD method, which uses incomplete 
information from partially available data. 
The gappy POD is a projection-based 
method; however, it can be interpreted 
as being an interpolation method in some 
applications. 

Suppose that  s  is  a vector of an 
incomplete snapshot for known k features, 
where k < r. Define      as an ordered set of 
missing data and      as a set of known data 
of s, respectively. From this setting, the 
index set;

With these index sets of s, it can be 
decomposed to 
          in the ordered indexes. Similarly, 
define                                        =                as 
the missing data and known data sub-vectors 
of each POD basis, respectively.
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area of consideration. It is possible to choose 
smaller windows, but this can leave some 
areas without an estimated value because of 
inadequate sensor locations.

3. Results and discussion 

This section presents the numerical results 
from the reconstruction of missing data. The 
analysis is based on 136 complete snapshots 
of  PM2.5  data from 57 stations that are divided 
into two data sets: a training set and a testing 
set.  The training set consists of 100 samples 
and is used to construct the POD basis, while 
the testing set consists of 36 samples and is 
used for evaluation. Therefore, some data 
points are randomly removed to construct 
incomplete snapshots from these sets of data.

3.1 Data reconstruction using POD

Results  corresponding to a SVD 
analysis are presented below. Figure 3 
demonstrates that the sizes of singular 
v a l u e s  d r o p p e d  d r a s t i c a l l y  a t  t h e 
beginning and remained relatively stable 
following the 20th value. This suggests 
that the first 20 vectors of the POD basis 
are more significant than the remaining 
vectors.

Next ,  Figure 4(a)  i l lustrates  the 
relation between the convergence of 
reconstruction and the number of POD 
bases by showing the average errors of the 
reconstruction over the training set with a 
different number of bases.

Figure 3.  The singular value of the matrix of training snapshot sets

Figure 4: The average errors with different numbers of bases and overall errors, features of 
one reconstructed snapshot with 20 POD bases.
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Unsurprisingly, as the number of POD 
bases increases, the average error decreases. 
However, using many bases might not 
be necessary because there is only minor 
error improvement as the number of bases 
increases. In addition, this increase might 
lead to an over-fitting of the missing data 
approximation. The average errors of the 
reconstruction using 20 POD basis vectors at 
each station are shown in Figure 4(b).

3.2 Effects of the gappy POD on data 
reconstruction

Applying the gappy POD poses several 
questions about the number of significant 
bases and how many snapshots are needed to 
construct a POD basis.  These questions are 
investigated by performing two tests for a 
gappy POD scheme. The first test determines 
the effect of a significant basis, and the second 
determines how the number of snapshots used 
for basis construction affects the average error 
of various missing data points.

Test 1: the effect of the number of 
significant bases

In Test 1, different missing values in 
the training and the testing data sets are 
investigated with different POD bases. First, 
some data are randomly removed from 
the training and test sets. The number of 
missing data points are 2, 5, 10, 15, and 20, 
respectively. These missing data are then 
reconstructed using a different POD basis 
number. Figure 5 compares the average of 
the absolute differences between results of 
reconstruction using different numbers of 

Figure 5. The average errors for the restored missing data of points 2, 5, 10, 15, and 20 for 
different POD basis numbers.

POD bases and the complete data set.  On the 
left-hand side, the results of the training set 
are shown, whereas the results of the test set 
are shown on the right-hand side. Overall, the 
mean errors in the restored values have been 
significantly affected by the number of POD 
bases; that is, the error increases as the number 
of POD bases increases. Moreover, the optimal 
number of POD bases for approximation of 
the missing data is between 10 and 15. It is 
important to note that the POD basis has been 
constructed from data in the training set. The 
average errors with absolute norm tend to be 
smaller than the ones in the test set.

Initially, some significant bases and 
snapshots used in the basis construction are 
investigated as they play an important role in 
the estimation. Using too many bases does 
not always lead to the best approximation.  
According to this Test, 10 and 15 are the 
optimal numbers of bases to use in the gappy 
POD.

Test 2: the effect of the number of 
snapshots used for basis construction

The number of snapshots used for basis 
construction also affects approximation of the 
missing data. In this experiment, the number 
of snapshots used to construct a POD basis 
varies from 20 to 100. Consistent with the 
results of Test 1, the number of POD basis 
(np=10) is fixed, and the performance of the 
gappy POD to restore from 2 to 20 points of 
missing data is investigated. The results of 
this experiment are shown in Figure 6 and 
demonstrate that increases in the number of 
complete snapshots do not improve the gappy 
POD method’s performance.
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Figure 6.  The average errors of the restored missing data using different numbers of 
snapshots to construct a POD basis.

Figure 7. Absolute errors in the data reconstruction of eight missing values: 
comparing the gappy POD method with the IDW method. Note that the gappy POD method 
in panel (a) uses 60 complete snapshots and 10 POD basis. Panel (b) results use 60 complete 
snapshots and 15 POD basis.  Panel (c) uses 70 complete snapshots and 10 POD basis, while 

panel(d) uses 70 complete snapshots and 15 POD basis.

These results illustrate that the number 
of snapshots for POD basis construction 
has a minor effect on mean absolute errors. 
Nevertheless, the errors increase after using 

70 snapshots. Consequently for the next 
Test, between 60 and 70 snapshots have been 
considered for constructing sets with a 10 and 
15 POD basis.
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Test 3: Comparing results of different 
combinations: POD basis vs. snapshots with 
other methods 

This test is used to investigate the 
performance of the gappy POD method 
to approximate the missing data in the 
testing dataset. Four numerical experiments 
are performed using different numbers of 
snapshots with POD basis constructions (ns) 
and using different numbers of POD basis 
for the gappy POD method ( Np ). These test 
cases include:

•	 Case I :  ns=60 and Np =10,
•	 Case II :  ns=60 and Np =15,
•	 Case III : ns=70 and Np =10,
•	 Case IV : ns=70 and Np =15.
Test 3 evaluated the efficiency of the 

gappy POD in four cases and compared 
them to baseline methods, including the 
naive method in which missing values were 
calculated using an average of the available 
snapshots and the IDW. 

The results of these four cases are shown 
in Figures 7(a) - 7(d). It can be seen from 
the numerical results that the mean error 
in the gappy POD method is much smaller 
than the mean error in the IDW method in 
all cases. It is clear that the gappy POD 
method outperforms the other two methods, 
especially when ns = 60 snapshots and 
Np = 10 POD basis are employed, see in 
Figure 7(d).

Numerical tests demonstrate that the 
gappy POD approach is an efficient tool 
for dealing with missing data. Figure 
7 shows the mean errors of four cases 
compared with the average of complete 
s n a p s h o t s  a n d  t h e  a p p r o x i m a t i o n 
provided by IDW.  Test  I I I  reveals 
t ha t  t he  gappy  POD,  i nc lud ing  an 
adequate number of bases, outperforms 
both the IDW method and the average 
data. Notably, if ten bases are used, 
b o t h  c a s e s  g i v e  b e t t e r  r e s u l t s ;  6 0 
and  70  snapsho t s  fo r  t h i s  da t a se t . 

4. Conclusion

The gappy POD has been employed 
t o  a p p r o x i m a t e  t h e  m i s s i n g  P M 2 . 5 
concentration data. The data was obtained 

from monitoring stations located in the 
northern region of Thailand. Numerical 
results indicate that the gappy POD is 
an efficient method for reconstruction, 
able to approximate missing data. An 
optimal number of bases is essential 
to improve accuracy. To be exact, our 
study shows that only about 60 complete 
snapshots are needed for optimal basis 
construction, and only about 10 POD 
bases are required to reconstruct this 
dataset.
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